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Mass balance (water, dry air, salt and solid component)
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𝜕 𝜙𝑖𝜌𝑖𝜔𝑘
𝑖

𝜕𝑡
𝑠𝑡𝑜𝑟𝑎𝑔𝑒 𝑡𝑒𝑟𝑚

+ 𝛻 ∙ 𝜙𝑖𝜌𝑖𝜔𝑘
𝑖 𝒗𝑖

𝑎𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚

+ 𝛻 ∙ 𝒋𝑘
𝑖

𝑛𝑜𝑛−𝑎𝑑𝑣𝑒𝑐𝑡𝑖𝑜𝑛 𝑡𝑒𝑟𝑚

= ด𝑄𝑘
𝑖

𝑠𝑖𝑛𝑘 𝑜𝑟 𝑠𝑜𝑢𝑟𝑐𝑒 𝑡𝑒𝑟𝑚

General mass balance equation 

𝜙𝑖: volume fraction of phase 𝑖

𝜌𝑖: density of phase 𝑖

𝒗𝑖: velocity vector of phase 𝑖 𝒋𝑘
𝑖 : non-advective flux vector of component 𝑘 in phase 𝑖

𝑄𝑘
𝑖 : source or sink term of component 𝑘 in phase 𝑖𝜔𝑘

𝑖 : mass fraction of component 𝑘 in phase 𝑖

Phases and components of a geomaterial – we use component by component balance equations (compositional method)

Governing Balance Equations



Water component
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Water mass balance equation 

𝑆𝑖: volume fraction of phase 𝑖

𝜌𝑤
𝑖 : density of water in phase 𝑖

𝒒𝑖: Darcy’s velocity vector of phase 𝑖 𝒋𝑤
𝑔

: non-advective flux vector of water in gas phase

Phases and components of a geomaterial – we use component by component balance equations (compositional method)

Governing Balance Equations

𝜕 𝑛𝑆𝑙𝜌𝑤
𝑙

𝜕𝑡
+
𝜕 𝑛𝑆𝑔𝜌𝑤

𝑔

𝜕𝑡
mass storage

+ 𝛁 ∙ 𝜌𝑤
𝑙 𝒒l + 𝛁 ∙ 𝜌𝑤

𝑔
𝒒g + 𝑛 𝑆𝑙𝜌𝑤

𝑙 + 𝑆𝑔𝜌𝑤
𝑔 𝜕𝜀𝑣

𝜕𝑡
advective mass transport

+ 𝛁 ∙ 𝒋w
g

non−advective mass transport

= 0



Dry air component
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Dry air balance equation 

𝑆𝑖: volume fraction of phase 𝑖

𝜌𝑎 : density of gas

𝑛: porosity 𝒋𝑎
𝑔
: non-advective flux vector of dry air in gas phase

H: Henry’s volumetric coefficient of solubility

Phases and components of a geomaterial – we use component by component balance equations (compositional method)

Governing Balance Equations

𝜕 𝑛𝑆𝑔𝜌𝑎
𝜕𝑡

+
𝜕 𝑛𝐻𝑆𝑙𝜌𝑎

𝜕𝑡
dry air mass storage

+ 𝛁 ∙ 𝜌𝑎𝒒
g + 𝛁 ∙ 𝜌𝑎𝐻𝒒

l + 𝑛 𝜌𝑎 𝑆𝑔 + 𝐻𝑆𝑙
𝜕𝜀𝑣
𝜕𝑡

advective transport of dry air mass

− 𝛁 ∙ 𝒋𝑎
g

non−advective transport of dry air mass

= 0

𝒒𝑖: Darcy’s velocity vector of phase 𝑖
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Governing Equations

The implemented equations considers Darcian flow type for dry air being coupled to

water flow through the degree of saturation and to the mechanical part due to porosity

evolution. It also takes into consideration the thermal effects (Rutqvist et al., 2001; Collin

et al., 2002; Abed and Sołowski, 2017, 2019, 2020b).

The calculations also consider dissolved dry air flow in the liquid phase.

Water vapour flow employs Philip & De Vries theory (Philip and De Vries, 1957) which

distinguishes between vapour flow driven by thermal gradient and vapour flow driven by

moisture gradient (suction gradient).
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Numerical implementation

Finite element method is employed for spatial discretization:

𝐫i+1 = 𝐌i+1
𝐱i+1 − 𝐱i

∆t
+ 𝐊i+1𝐱i+1 − 𝐟i+1

𝐱 = ෝ𝐮, መ𝐡l, መ𝐡g, 𝐓, Ƹ𝐜

Newton-Raphson iterative method is used in this study to determine the
primary unknowns:

ෝ𝐮, መ𝐡l, መ𝐡g, 𝐓, Ƹ𝐜: are the nodal values of  displacements, liquid pressure head, gas pressure head, temperature and concentration 

respectively.

𝐌 ሶ𝐱 + 𝐊 𝐱 = 𝐟

Finite difference is used for temporal discretization yielding a set of algebraic
equations that can be solved iteratively after building the residual:
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Test 1: Infiltration into bounded sand column (coupled air-water flow)
Validation against experimental data by Touma and Vauclin (1986)

Predicted evolution of volumetric water content versus 

measurements by Touma and Vauclin (1986).
Finite element model: a) FE mesh; b) water flow 

boundary conditions; c) air flow boundary conditions.
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Test 1: Infiltration into bounded sand column (coupled air-water flow)

Validation against reference solution by Celia and Binning (1992)

Predicted evolution of pore water pressure head in case of 

single phase (water phase only) and two-phase flow.

Predicted evolution of water and air pressure 

heads profiles compared to the reference solution 

by Celia and Binning (1992).
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Test 2: Drainage of sand column (coupled air-water-mechanical behaviour) 

Validation against experimental data by Liakopoulos (1965) and a reference solution by Jommi et al. (1997) 

Predicted evolution of water pressure head versus the  

reference solution (U. Liège) by Jommi et al. (1997). and 

experimental measurements by Liakopoulos (1965).

Finite element model of the drainage test: a) finite 

element mesh and dimensions; b) mechanical 

boundary conditions; c) water flow boundary 

conditions and d) gas flow boundary conditions. 
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Test 2: Drainage of sand column (coupled air-water-mechanical behaviour) 

Validation against experimental data by Liakopoulos (1965) and a reference solution by Jommi et al. (1997) 

Predicted vertical displacement with experiment 

time at the top of the column versus the reference 

solution by Jommi et al. (1997) (U. Liège).

Predicted evolution of gas pressure 

head versus the reference solution 

Jommi et al. (1997).



Review and final comments

Department of Civil Engineering

12

Wojciech Sołowski

o Two validation benchmarks were presented to check the capabilities of Thebes

code to simulate the coupled gas-liquid flow in porous media.

o The numerical results prove that the code replicates well the reported experimental

data and numerical solutions by other research groups.

o The benchmarks, however, concentrated on sandy soils and the gas pressure that

develops stayed at relatively low values when compared to the values that might

develop in non-isothermal cases such as the case of bentonite used for sealing

nuclear waste.

o Only linear elasticity is employed here. Including elasto-plasticity will pose extra

problems that need to be carefully addressed and validated.

o Having this elementary check successfully done, further validations are needed in

the case of non-isothermal situations with more advanced mechanical soil model.

o Aalto will simulate gas transport in nuclear waste generic repository in EURAD

project



Thank you  !!!

Presentation will be uploaded and available at

http://solowski.info


