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Let’s take a piece of discretised material:
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Let’s take a piece of discretised material:

We expect that it looks like this:
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When we increase the horizontal distance:

We intuitively expect that it looks like this:

…Material Point Method does not necessarily 
works like that…
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When we increase the horizontal distance:

We intuitively expect that the material is like this:

…Material Point Method does not necessarily 
works like that…

Calculations on grid nodes, data in the points
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Calculations on grid nodes, data in the points

…Unless we specify the domain of the material 
points, the size is determined by the grid density 
and its placement:
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Calculations on grid nodes, data in the points

…As long as any node is shared, the materials are 
computed together, leading to a sticky contact:



Material boundaries

Department of Civil Engineering

10
Wojciech Sołowski

Calculations on grid nodes, data in the points

No shared nodes – no contact
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Calculations on grid nodes, data in the points

Shape of material is not defined, only the material 
points are defined. If they separate by an empty 
grid cell, they will not interact.
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The moment of coming into 
contact and starting interacting is 
important – for instance:
• if granular material is separating 

and re-joining, common in 
avalanches, we may want to be 
able to recover the initial density –
and not the density depending on 
the grid size

• in simulation of silo, we do not 
want the material to be separated 
from the silo walls



Material boundaries

Department of Civil Engineering

13
Wojciech Sołowski

Calculations on grid nodes, data in the points

We can fix it:
- define material points domains (e.g. GIMP, CPDI)

- actually can make problem worse!
- define which points should interact with each 
other (e.g. Nairn 2003), contact formulations

- somewhat costly and often leads to other issues
- some constitutive model approaches (quite tough!)
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Contact between two bodies:
presentation – Technical session 2b SeyedMohammadJavad

Seyedan

Standard MPM MPM with different velocity fields
(concept adopted from Nairn 2003)
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Contact between two bodies:
presentation – Technical session 2b SeyedMohammadJavad

Seyedan

Standard CPDI CPDI with different velocity fields
(concept adopted from Nairn 2003)
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Insights:

Think whether we may have dynamic effects leading to 
non-physical behaviour on contact

- e.g. whether we may have a separation of layers 
during material flow? Is it an important effect in the 
simulation? Shall we be bothered by that? Is the 
contact zone – with unphysical low density –
having significant influence on the results?

Material Point Method is – in a sense – smearing 
material depending on the size h of the 
computational grid. 



Method convergence rate and the 
approximation of the solution 
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As we have to first move the data from the material 
points to grid nodes, the shape of the fields we 
assume will greatly affect the accuracy of the method.

In general, the Material Point Method convergence 
rate depends on how closely / smoothly we 
approximate the fields (velocity, density, and 
resulting ones e.g. stress) in the calculations

The higher order full polynomial we have 
approximating the fields, the higher the expected 
convergence rate (if other conditions are satisfied...)
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First order accurate approximation
Correct solution

Second order accurate approximation
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The assumptions on how we calculate the integrals, i.e. 
how we transfer data from material points to the nodes 
contain assumption about the field shape we are 
solving for.

∫∫∫∫ ΩΩΩΩ
Ω⋅+⋅=∇+⋅

τ
τδδρδδρ dddd vτxvbxvσxva :

rate of change 
of momentum

internal 
force

body force external 
force

a – acceleration b – body forces  σ – stress tensor
τ – forces acting on body boundaries Ωτ
Ω – discretised volume   δv – admissible velocity field (test function)
dx = dV – elementary volume ρ - density

Calculations on grid nodes, data in the points
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The higher order the polynomial we approximate the 
field before integration in the grid nodes, the higher 
the convergence order

∫∫∫∫ ΩΩΩΩ
Ω⋅+⋅=∇+⋅

τ
τδδρδδρ dddd vτxvbxvσxva :

rate of change 
of momentum

internal 
force

body force

external 
force

After integration:

body force

internal force

rate of change 
of momentum

𝐟𝐟it = 𝐟𝐟i
int,t + 𝐟𝐟i

b,t + 𝐟𝐟i
ext,t
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∫∫∫∫ ΩΩΩΩ
Ω⋅+⋅=∇+⋅

τ
τδδρδδρ dddd vτxvbxvσxva :

rate of change 
of momentum

internal 
force

body force external 
force

In MPM, GIMP:

�
p

Sipmp𝐯𝐯pt 𝐟𝐟i
b,t = �

p

Sipmp𝐛𝐛pt𝐟𝐟i
int,t = −�

p

∇Sipσpt Vp

body forceinternal force
rate of change 
of momentum

external 
force

After integration:

body force

internal force

rate of change 
of momentum

𝐟𝐟it = 𝐟𝐟i
int,t + 𝐟𝐟i

b,t + 𝐟𝐟i
ext,t

Sip- weighting function
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Original MPM:

�
p

Sipmp𝐯𝐯pt 𝐟𝐟i
b,t = �

p

Sipmp𝐛𝐛pt𝐟𝐟i
int,t = −�

p

∇Sipσpt Vp

body forceinternal forcerate of change 
of momentum

Sip=1-xi/L ; Sip=xi/L

∇Sip=±1/L

x1 x2

vm(1-x1/L)

Field, 
weighted 
to nodes, 
weighting 
functions 
linear.

internal force does not depend 
on point position in cell

vm(x1/L)

v, m

1

1
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Original MPM:

Sip=1-xi/L ; Sip=xi/L

∇Sip=±1/L

x1 x2

vm(1-x1/L)

Field, 
weighted 
to nodes, 
functions 
linear.internal force does not depend 

on point position in cell

vm(x1/L)

v, m

1

1
Insights:
1. Velocity field is weighted to the nodes as first order, hence 

we expect convergence in displacement to be second order 
and in strains and stresses first order

2. Internal force component does not depend on material 
point position in cell.
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Original MPM:

Insights:
3. When point moves from one cell to another, internal force 

in the nodes abruptly changes
4. Such change destroys the convergence rate at high 

accuracies, as the amount of abrupt change related to the 
internal force change will lead to finite change in solution, 
and that change will bound the accuracy of the solution. 

�
p

Sipmp𝐯𝐯pt 𝐟𝐟i
b,t = �

p

Sipmp𝐛𝐛pt𝐟𝐟i
int,t = −�

p

∇Sipσpt Vp

body forceinternal force
rate of change 
of momentum
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Original MPM:

Back to the material points:
1. The unbalanced force leads to nodal acceleration, it is 

transferred back to the material points with the same 
weighting functions

2. As long as the transfer back is of the same order of 
accuracy, there is a chance for no accuracy loss and that the 
convergence order is preserved

3. Strain update based on velocity gradient, stress update… 

external 
force

body force

internal force

rate of change 
of momentum

𝐟𝐟it = 𝐟𝐟i
int,t + 𝐟𝐟i

b,t + 𝐟𝐟i
ext,t
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• Instability due to cell crossing – e.g. GIMP (Bardenhagen & 
Kober 2004), DDMP (Zhang et al. 2011)

• CPDI, CPDI2 (Sadeghirad et al. 2011,2013) - cpGIMP
improvement, streamlining the algorithm, as well as ensuring 
the continuity

• Newer developments – motivation - convergence rate

Wallstedt & Guilkey 2010
timeWeighted Least Squares

Sulsky & Gong 2016
Improved MPM - IMPM

B-spline Taylor Least Squares 
MPM, Wobbes et al. 2019

Improved Moving 
Least Squares 
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• Instability due to cell crossing – reduced by giving the 
material points domains – and connecting the domains 
together (GIMP, CPDI), or by decoupling Sip and its gradient 
(DDMP)
• No sharp change of the gradient when the point is crossing 

cell boundaries leads to reduced noise and no jumps in the 
internal force  

�
p

Sipmp𝐯𝐯pt 𝐟𝐟i
b,t = �

p

Sipmp𝐛𝐛pt𝐟𝐟i
int,t = −�

p

∇Sipσpt Vp

body forceinternal forcerate of change 
of momentum
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Let’s solve 1 D elastic vibration problem…

Small amplitude
A=1E-4

𝐮𝐮(X, t) = A sin 2
X
L

sin
c t
L

Large amplitude
A=0.1

Quoc Anh
Tran
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When displacements are small, things work 
as expected, but at large displacement, not.

Small amplitude
A=1E-4

Large amplitude
A=0.1

Quoc Anh
TranWe already have an excellent numerical method 

to solve small displacements (called FEM)
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Taylor / Improved Least Squares
Question – how to get MPM converge faster (e.g. third order)
• So far, as a side-effect, we got seemingly reliable second order 

convergence and some reports of 3rd order convergence, e.g. for 
small strain problem

• Achieved mainly by selecting higher order base functions and 
integrating (to get Sip) numerically, e.g. with Gauss method. Also, 
some fiddling with Sip gradient

time

Sulsky & Gong 2016
Improved MPM - IMPM

B-spline Taylor Least Squares 
MPM, Wobbes et al. 2019

Improved Moving 
Least Squares 

Wallstedt & Guilkey 2010
Weighted Least Squares
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Large amplitude A=0.1
displacement error

Quoc Anh
Tran

Lisa 
Wobbes
(Delft)

Large amplitude A=0.1
velocity
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Large amplitude A=0.1
displacement error

Quoc Anh
Tran

Large amplitude A=0.1
velocity
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Large amplitude A=0.1
displacement error

Quoc Anh
Tran

Large amplitude A=0.1
velocity
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Insights:
• errors reducing convergence rate are still present in 

the mainstream implementations of MPM
• ‘moving least squares’ MPM implementations seems 

to improve the convergence rate to second order
• Arbitrary high order convergence rate for large 

displacement problems?
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Other errors: null space and hydro-
mechanical coupling
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Even at small strain we can have quite some errors
DDMP Quoc Anh

Tran
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Even at small strain we can have quite some errors
DDMP Quoc Anh

Tran
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We often have more material points than nodes. Moving data 
to the nodes – no problem – we have excess information

However, when moving back, from smaller amount of nodes 
points we have to create data for larger amount of material 
points. That leads to null space error.

1 node into 16 points?
(we have 1 node per cell 
on average)
We just do not have 
enough information…
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Quoc Anh
Tran
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Insights

Error occurs when we 
have too many points. 
Hence, excess number 
of points per cell often 
will not increase 
accuracy much!

Solution convergence with 4, 16 and 
64 points per cell. Implicit MPM, 
Bing et al., Comp. & Struct., 2019.
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When strong coupling is present, the errors become 
more critical - example – large strain consolidation Quoc Anh

Tran

Tran QA, Sołowski WT, Cummings E. (2017b?). Hydro-mechanically coupled 
dual domain material point methods stabilized with a null-space filter. 
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Dr Xiaoqin Lei
Session 2a

Forced water inflow, 
v=5 e-6 m/s

Poro-elastic material

E=5.e7 Pa, Poisson ratio=0, soil density=2.6e3
Porosity=0.5 permeability=1.e-9 m/s water density=1.e3
Bulk modulus of water 3.e8 Pa

no flow boundary

all mechanical boundaries fixed

no flow boundary

open flow
boundary
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Water pressure 4 ppc
with XPIC(2) without cell average

Darcy velocity 1 ppc
without XPIC(2)

𝟔𝟔 × 𝟏𝟏𝟏𝟏−𝟓𝟓 Pa

−𝟑𝟑 × 𝟏𝟏𝟏𝟏−𝟕𝟕 Pa

𝟏𝟏 × 𝟏𝟏𝟏𝟏−𝟓𝟓 m/s

−𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟔𝟔 m/s

Dr Xiaoqin Lei
Session 2a
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Cell-based average method for stress and strain rate

Hammerquist, C. C., & Nairn, J. A. (2017). A new method for material point method particle updates that reduces noise and enhances 
stability. Computer Methods in Applied Mechanics and Engineering, 318, 724–738. 

Yang, W. C., Arduino, P., Miller, G. R., & Mackenzie-Helnwein, P. (2018). Smoothing algorithm for stabilization of the material point 
method for fluid–solid interaction problems. Computer Methods in Applied Mechanics and Engineering, 342, 177–199. 

𝒅𝒅𝑐𝑐t+1=
∑p mp𝒅𝒅p

t+1

∑p mp
𝝈𝝈𝑐𝑐t+1=

∑p mp𝝈𝝈p
t+1

∑p mp

XPIC(2) method

𝐯𝐯pt+1 = 𝐯𝐯pt + (Sip𝐚𝐚𝑖𝑖t−
(I−SipSip

T )2𝐯𝐯p
t

∆𝑡𝑡 )∆𝑡𝑡

Dr Xiaoqin Lei
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Clear improvement, but is there a better way?

Water pressure 4 ppc
with XPIC(2) with cell average

Darcy velocity 4 ppc
with XPIC(2) with cell average

𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟓𝟓 Pa

−𝟐𝟐 × 𝟏𝟏𝟏𝟏−𝟖𝟖 Pa

𝟔𝟔 × 𝟏𝟏𝟏𝟏−𝟔𝟔 m/s

−𝟏𝟏 × 𝟏𝟏𝟏𝟏−𝟔𝟔 m/s

Dr Xiaoqin Lei
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• We are still working on material boundaries, cracking 
and contact

• Large deformations are challenging – but

All the problems must be viewed from the perspective of 
large deformations, as for small deformations FEM is 
much more developed method which just works

© Jessica Hagy

https://www.forbes.com/sites/jessicahagy/people/jessicahagy/
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• We seem to have formulations which offer second 
order convergence even in the large displacement 
regime
• Material Point Method is full of surprises…
• High order convergence is perhaps still open 

subject, though under intense research
• There are still some fundamental issues related to 

convergence which needs to be tackled
• How to utilise large number of material points per 

cell? How to deal with the null-space problem? 
High order time integration?

© Jessica Hagy

https://www.forbes.com/sites/jessicahagy/people/jessicahagy/


Thank you  !!!

Presentation will be uploaded and available at
http://solowski.info



Questions ???

Presentation will be uploaded and available at
http://solowski.info
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